Abstract. We use recollement and HRS-tilt to describe bounded t-structures on the bounded derived category D b (X) of coherent sheaves over a weighted projective line X of domestic or tubular type. We will see from our description that the combinatorics in the classification of bounded t-structures on D b (X) can be reduced to that in the classification of bounded t-structures on the bounded derived categories of finite dimensional right modules over representation-finite finite dimensional hereditary algebras.
1. Introduction 1.1. Background and aim. In an attempt to give a geometric treatment of Ringel's canonical algebras [43] , Geigle and Lenzing introduced in [17] a class of noncommutative curves, called weighted projective lines, and each canonical algebra is realized as the endomorphism algebra of a tilting bundle in the category of coherent sheaves over some weighted projective line. As an indication of the importance of the notion of weighted projective lines, a famous theorem of Happel [20] states that if A is a connected hereditary category linear over an algebraically closed field k with finite dimensional morphism and extension spaces such that its bounded derived category admits a tilting object then A is derived equivalent to the category of finite dimensional modules over a finite dimensional hereditary algebra over k or to the category of coherent sheaves over a weighted projective line defined over k.
The notion of t-structures is introduced by Beilinson, Bernstein and Deligne in [7] to serve as the categorical framework for defining perverse sheaves in the derived category of constructible sheaves over a stratified space. Recently, there has been a growing interest in t-structures, steming from Bridgeland's notion of stability conditions [12] . To give a stability condition on a triangulated category requires specifying a bounded t-structure. On the other hand, there are many works on bounded t-structures on the bounded derived category D b (Λ) of finite dimensional modules over a finite dimensional algebra Λ in recent years. Remarkably, König and Yang showed in [28] that if a bounded t-structure on D b (Λ) has length heart then the heart is a module category and they give bijective correspondences, which we call König-Yang correspondences, between several concepts among which are bounded t-structures with length heart on D b (Λ), simple-minded collections in D b (Λ), silting objects in K b (projΛ), and co-t-structures on K b (projΛ), where K b (projΛ) denotes the bounded homotopy category of finite dimensional projective modules over Λ.
This article is devoted to describing bounded t-structures on the bounded derived category of coherent sheaves over a weighted projective line. We mainly combine two classical tools to describe t-structures: recollement and HRS-tilt. Recollement is introduced at the same time with t-structures in [7] . A recollement stratifies a triangulated category into smaller ones and allow us to glue t-structures. HRS-tilt, introduced by Happel, Reiten and Smalø in [22] , constructs a new t-structure from an old one via a torsion pair in the heart of the old t-structure. We will see that a large class of t-structures are glued from recollements. Given a t-structure, to build a recollement from which the t-structure can be glued, we rely on Ext-projectives. This concept was introduced by Auslander and Smalø to investigate almost split sequences in subcategories [5] . Assem, Salario and Trepode introduced a triangulated version in [2] to study t-structures. Our small observation is that an exceptional Ext-projective object helps us to build a desired recollement under some condition (see Lemma 2.15) . Almost all recollements in this article are built in this way (plus induction). There do exist bounded t-structures without any available Ext-projective. Fortunately, in our situation, these are up to shift HRS-tilts with respect to some torsion pair in the standard heart and they can be described explicitly.
1.2.
Main results. Let X be a weighted projective line defined over an algebraic closed field k, and O its structure sheaf (see §3.1). Depending on its weight function w : P 1 → Z ≥1 , where P 1 is the projective line over k and Z ≥1 is the set of positive integers, X is of domestic type, of tubular type, or of wild type. Denote by A = cohX (resp. vectX, resp. coh 0 X) the category of coherent sheaves (resp. vector bundles, resp. torsion sheaves) over X and denote by D = D b (X) the bounded derived category of cohX. coh 0 X consists exactly of finite length objects in cohX and coh 0 X decomposes as a coproduct coh 0 X = λ∈P 1 coh λ X parametrized by the projective line P 1 . For P ⊂ P 1 , denote by (T P , F P ) the torsion pair in cohX (add{coh λ X | λ ∈ P }, add{vectX, coh λ X | λ ∈ P 1 \P }).
The number of isoclasses of simple sheaves in coh λ X is w(λ). A collection S of simple sheaves over X is called proper if for each λ ∈ P 1 , S does not contain a complete set of simple sheaves in coh λ X and if simple sheaves in S are pairwise non-isomorphic. Two such collections are equivalent if they yield the same isoclasses of simple sheaves. A t-structure on D b (X) is said to be compatible with a given a recollement if it is glued from the recollement (see §2.4). See §1.4 for the notation − D , (−) ⊥A , (−) ⊥D and D b (−). We are ready to state our theorem for a weighted projective line of domestic type. Theorem 1.1 (Theorem 4.18). Suppose X is of domestic type and let (D ≤0 , D ≥0 ) be a bounded t-structure on D b (X) with heart B. Then exactly one of the following holds:
(1) up to the action of the Picard group PicX of X, (D ≤0 , D ≥0 ) is compatible with the recollement
j j where i * , j ! are the inclusion functors, in which case B is of finite length; (2) for a unique (up to equivalence) proper collection S of simple sheaves and a unique P ⊂ P 1 , (D ≤0 , D ≥0 ) is compatible with the recollement
j j where i * , j ! are the inclusion functors, such that the corresponding t-structure on D b (S ⊥A ) is a shift of the HRS-tilt with respect to the torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A , in which case B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P 1 .
To state our theorem for a weighted projective line of tubular type, we need to introduce more notation (see §3.3). Let R (resp. Q) be the set of real (resp. rational) numbers and letR = R ∪ {∞},Q = Q ∪ {∞}. Let X be of tubular type. Denote by coh µ X the category of semistable vector bundles with slope µ. D b (X) admits an exact autoequivalence Φ q ′ ,q for each q ′ , q ∈ Q ∪ {∞}, which is called a telescopic functor, such that Φ q ′ ,q (coh q X) = coh q ′ X. For µ ∈ Q, denote coh µ λ X = Φ µ,∞ (coh λ X). The category coh µ X decomposes as coh µ X = λ∈P 1 coh µ λ X. For µ ∈R, coh >µ X (resp. coh <µ X) denotes the subcategory of cohX consisting of those sheaves whose semistable factors have slope > µ (resp. < µ).
Theorem 1.2 (Theorem 4.20)
. Suppose X is of tubular type and let (D ≤0 , D ≥0 ) be a bounded t-structure on D b (X) with heart B. Then exactly one of the following holds:
(1) for a unique µ ∈ R\Q, (D ≤0 , D ≥0 ) is a shift of the HRS-tilt with respect to the torsion pair (coh >µ X, coh <µ X) in cohX, in which case B is neither noetherian nor artinian; (2) for a unique µ ∈Q and a unique P ⊂ P 1 , (D ≤0 , D ≥0 ) is a shift of the HRS-tilt with respect to the torsion pair (add{coh >µ X, coh µ λ X | λ ∈ P }, add{coh µ λ X, coh <µ X | λ ∈ P 1 \P });
in cohX, in which case B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P 1 ; (3) for a unique q ∈Q, a unique (up to equivalence) nonempty proper collection S of simple sheaves and a unique P ⊂ P 1 , Φ ∞,q ((D ≤0 , D ≥0 )) is compatible with the recollement
j j where i * , j ! are the inclusion functors, such that the corresponding t-structure on D b (S ⊥A ) is a shift of the HRS-tilt with respect to the torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A , in which case B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P 1 ; (4) for some q ∈Q and some exceptional simple sheaf S, Φ ∞,q ((D ≤0 , D ≥0 )) is compatible with the recollement
j j where i * , j ! are the inclusion functors, such that the corresponding t-structure on D b (S ⊥A ) has length heart, in which case B is of finite length. . We obtain from the two theorems above the following bijective correspondence for those bounded t-structures whose heart is not of finite length.
2 b (X)
21). (1)
If X is of domestic type then there is a bijection (1.2.1) {bounded t-structures on D b (X) whose heart is not of finite length}/Z ←→ S {P | P ⊂ P 1 } × {bounded t-structures on S D } , where Z is deemed as the group of autoequivalences of D b (X) generated by the translation functor and S runs through all equivalence classes of proper collections of simple sheaves.
(2) If X is of tubular type then there is a bijection (1.2.2) {bounded t-structures on D b (X) whose heart is not of finite length}/Z ←→
where Z is deemed as the group of autoequivalences of D b (X) generated by the translation functor and S runs through all equivalence classes of proper collections of simple sheaves.
There are positive integers m, k 1 , . . . , k m such that S A ≃ m i=1 modk A ki , where modk A l is the category of finite dimensional right modules over the path algebra of the equioriented A l -quiver, and we have an equivalence
. By Corollary 1.3, if X is a weighted projective line of domestic of tubular type then to classify bounded t-structures on D b (X) whose heart is not of length, it sufficies to classify bounded t-structures on each D b (modk A ki ). Since bounded t-structurs on D b (modk A l ) have length heart, one can achieve this by calculating silting objects or simple-minded collections in D b (modk A ki ) by virtue of König-Yang correspondences. We know that D b (X) is triangle equivalent to the derived category of finite dimensional right modules over a canonical algebra whose global dimension is at most 2. So to obtain a bijective correspondence for bounded t-structures on D b (X) with length heart, we can again utilize König-Yang correspondences and try to compute collections of simple objects in the heart (using Proposition 2.11) or silting objects in D b (X) (using [37, Corollary 3.4] ) from the recollements in Theorem 1.1(1) and Theorem 1.2 (4) . As illustrated after Corollary 4.21 in §4.4, the two theorems reduce the combinatorics in the classification of bounded t-structures on D b (X) to the combinatorics in the classification of bounded t-structures on bounded derived categories of finite dimensional modules over representation-finite finite dimensional hereditary algebras.
To give an application of our description of bounded t-structures, we prove in §5 a characterization of when the heart of a bounded t-structure on D b (X) is derived equivalent to the standard heart cohX, which is inspired by the work [44] of Stanley and van Roosmalen. 
. As a corollary (see Corollary 5.4), a similar assertion holds for the bounded derived category of finite dimensional modules over a tubular algebra in the sense of Ringel [43] .
1.3. Plan of this article. This article is organized as follows. In §2, we collect necessary facts on t-structure, HRS-tilt and recollement. In §3, we recall basics on weighted projective lines and investigate full exceptional sequences in D b (X) and torsion pairs in cohX. In §4, we discuss when a bounded t-structure on D b (X) restricts to a bounded t-structure on D b (coh 0 X) and when it does not (even after the action of any telescopic functor in the tubular case), we distinguish those bounded t-structures with length heart from those whose heart is not of finite length, and then we present our proofs of the main theorems describing bounded t-structure on D b (X) using HRS-tilt and recollement. In §5, we characterize when a bounded t-structure on D b (X) has heart derived equivalent to coh(X).
Notation and conventions.
We denote by R (resp. Q, Z, Z ≥1 ) the set of real numbers (resp. rational numbers, integers, positive integers). PoseR = R ∪ {∞} andQ = Q ∪ {∞}.
An equioriented A s -quiver refers to the quiver
Since only such an orientation is involved in this article, A s will always denote an equioriented A s -quiver. For positive integers p 1 , . . . , p t , an equioriented star quiver [p 1 , . . . , p t ] refers to the quiver For a finite dimensional algebra Λ over a field k, modΛ denotes the category of finite dimensional right modules over Λ and D b (Λ) the bounded derived category of modΛ. A subcategory of a category is tacitly a full subcategory. If B is a subcategory of a category A (typically abelian or triangulated in our setup), denote B ⊥0,A = {X ∈ A | Hom A (B, X) = 0}, which we will simply write as B ⊥0 if there is no confusion. Dually we have ⊥0,A B or ⊥0 B. For an abelian category A, its bounded derived category is denoted by D b (A). Let B be an additive subcategory of A. B is called an exact subcategory of A if B is an abelian category and the inclusion functor ι : B → A is exact. B is called a thick subcategory of A if B is closed under kernel, cokernel and extension. A thick subcategory of A is an exact subcategory of A. Given a collection C of objects in A, we denote by C A the smallest thick subcategory of A containing C. The right perpendicular category C ⊥A and the left perpendicular category ⊥A C of C in the sense of [18] are
It's shown in [18, Proposition 1.1] that if objects in C have projective dimension at most 1, that is, Ext 2 A (X, −) = 0 for all X ∈ C, then C ⊥A and ⊥A C are exact subcategories of A closed under extension. Let D be a triangulated category. We denote by AutD the group of exact autoequivalences of D. A triangle in D refers always to a distinguished triangle. We will abbreviate a triangle
By the octahedral axiom, * is associative. Given a triangulated category D and a collection C of objects in D, we denote by C D the thick closure of C in D, that is, the smallest triangulated subcategory of D containing C and closed under direct summand. We say that C (classically) generates D if C D coincides with D. Moreover, we denote
Dually one defines
⊥D C. C ⊥D and ⊥D C are triangulated subcategories of D. Sometimes we drop the subscript D. If D is a triangulated category linear over a field k, we denote
where the latter is deemed as a complex of k-spaces with zero differential. D is said to be of finite type if
If A is a hereditary abelian category and B is an exact subcategory of A closed under extension then B is a hereditary abelian category and the inclusion functor ι : B → A induces a fully faithful exact functor
whose essential image consists of those objects in D b (A) with cohomologies in B.
If C is a collection of objects in A then B := C A (resp. B := C ⊥A , resp. B := ⊥A C) is an exact subcategory of A closed under extension and the functor
with the subcategory C D (resp. C ⊥D , resp. ⊥D C) of D. We will often make this identification in this article. [28] and for stimulating conversations, and thank Prof. Pu Zhang for a series of lectures on triangulated categories based on his newly-written book titled "triangulated categories and derived categories" (in Chinese).
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Preliminaries
2.1. Basics on t-structures. We recall basic definitions concerning t-structures in this subsection. The standard reference is [7] .
Let D be a triangulated category.
into D admits a right (resp. left) adjoint τ ≤n (resp. τ ≥n ), which are called truncation functors. Moreover,
≤n is actually characterized by the property that it is a subcategory closed under suspension and extension for which the inclusion functor admits a right adjoint. A subcategory of D with such a property is called an aisle [27] . A dual property characterizes D ≥n and a subcategory of D with the dual property is called a co-aisle. There are bijections between t-structures, aisles and co-aisles, whence these notions are often used interchangeably.
The heart A of (D ≤0 , D ≥0 ) is defined as the subcategory
A is an abelian subcategory of D and we have a system of cohomological functors defined by
and A are closed under extension and direct summand. Given a sequence A
) is determined by its heart A. In fact,
We will also denote by (D
≤0
A , D
≥0
A ) the bounded t-structure with heart A. Any group of exact autoequivalences of D acts on the set of t-structures. Given a t-structure (D ≤0 , D ≥0 ) on D and an exact autoequivalence Φ of D,
The group generated by the translation functor of D acts freely on the set of t-structures on D and also on the set of bounded t-structures on D.
Suppose F : D 1 → D 2 to be an exact functor between two triangulated categories
2 , and t-exact if it is both right and left t-exact.
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If C is a triangulated subcategory of D and (D ≤0 , D ≥0 ) is a t-structure on D, the pair
gives a t-structure on C iff C is stable under some (equivalently, any) τ ≤l , i.e., τ ≤l C ⊂ C. Such a t-structure on C is called an induced t-structure by restriction. 
is the smallest subcategory of D containing B and closed under extension and suspension (resp. desuspension).
Example 2.2.
(1) If D admits a bounded t-structure with length heart containing finitely many (isoclasses of) simple objects, for example, D = D b (Λ) for a finite dimensional algebra Λ over a field k, then bounded t-structures on D are width bounded with respect to each other. By Lemma 2.1, it suffices to show that a bounded t-structure with length heart C containing finitely many simple objects is width-bounded with respect to any given bounded t-structure (
shows our assertion. 
On the other hand, applying the duality functor D = RHom(−, O X ), we obtain a bounded t-structure (
Given a bounded t-structure (D ≤0 , D ≥0 ) on D with heart A, [22] gives a useful and important construction of a class of width-bounded t-structures with respect to (D ≤0 , D ≥0 ) from torsion pairs in A, which is called HRS-tilt. Now it is well-known (see e.g. [41, §1.1]) that Proposition 2.3. Torsion pairs in the heart of a t-structure
Let us explain the correspondence. Assume that (D ′≤0 , D ′≥0 ) is a t-structure with heart B such that
) and (A[1]∩B, A∩B) are torsion pairs in A and B, respectively. Conversely, let (T , F ) be a torsion pair in the abelian category A. Denote
) is so-called HRS-tilt with respect to the torsion pair (T , F ) in A and B = F [1] * T is called the tilted heart.
As noted before, such a t-structure (
where i * , j ! ,ǰ * are the inclusion functors andĵ * is the Verdier quotient functor. We will need the following well-known fact. Recall that a Serre functor of a triangulated category is always exact ([10, Proposition 3.3]; see also [42, Proposition I.1.8]). Proposition 2.4. Let D be a Hom-finite k-linear triangulated category with a Serre functor S, where k is a field, and C an admissible subcateogry of D. Denote by i * : C → D the inclusion functor and by i ! : D → C (resp. i * : D → C) the right (resp. left) adjoint of i * . Then (1) i ! Si * is a Serre functor of C with a quasi-inverse i * S −1 i * ; (2) ⊥ C and C ⊥ admit Serre functors; (3) C ⊥ and ⊥ C are admissible subcategories of D.
Proof.
(1) One easily sees that i ! Si * (resp. i * S −1 i * ) is a right (resp. left) Serre functor of C. Thus i ! Si * is a Serre functor of C with a quasi-inverse i * S −1 i * . (2) This is [10, Proposition 3.7] . (3) Recall the well-known fact that if D 1 , D 2 are two Hom-finite k-linear triangulated categories with Serre functors S 1 , S 2 respectively and F : D 1 → D 2 is an exact functor with a left (resp. right) adjoint G then F admits a right (resp. left) adjoint
Important examples of admissible subcategories are those generated by an exceptional sequence [9] . Recall that a sequence (E 1 , . . . , E n ) of objects in a k-linear triangulated category D of finite type, where k is a field, is called an exceptional sequence if
• each E i is an exceptional object, i.e., Hom =0 (E, E) = 0 and End(E) = k;
• Hom
• (E j , E i ) = 0 if j > i. An exceptional sequence (E 1 , . . . , E n ) is said to be full if E 1 , . . . , E n classically generate D.
Let C = E 1 , . . . , E n D be the thick closure of {E i | 1 ≤ i ≤ n} and i * : C → D be the inclusion functor. The left and right adjoint functors of i * exist, which we denote by i * , i ! respectively. Let us recall from [9] how i * maps an object. Suppose X ∈ D. Denote X 0 = X. If X i is defined for 0 ≤ i < n, let
We have i * X ∈ ⊥ C and i * X fits into a triangle (i * X, X, Y ) where Y ∈ C. This choice of i * on objects actually defines a unique functor up to unique isomorphism, which is left ajoint to i * . Dually one defines i ! .
2.4.
Gluing t-structures. Now fix a recollement of triangulated categories of the form (2.3.1). As the following theorem shows, one can obtain a t-structure on D from t-structures on X and Y, which is called a glued tstructure. Such a glued t-structure on D from the recollement is also said to be compatible with the recollement. 
With the given t-structures on X , Y and the glued t-structure on D, i * , j ! becomes right t-exact, i * , j * t-exact and i ! , j * left t-exact. The following proposition answers the natural question when a t-structure on D is compatible with a given recollement. (1) j ! j * is right t-exact; (2) j * j * is left t-exact; (3) the t-structure is compatible with the recollement (2.3.1). Indeed, once the equivalent conditions in Proposition 2.6 are satisfied, to obtain (D ≤0 , D ≥0 ) using formula (2.4.1), the unique choice of the t-structure on X resp. Y is
Moreover, we have
This t-structure on X resp. Y will be called the corresponding t-structure on X resp. Y to the t-structure
Since we can identify X with im i * via i * , we know that the t-structure on X is essentially induced by restriction. Suppose C is an admissible subcategory of D and ( Clearly we have the following two facts. 8
) is compatible with the admissible filtration
Here by the statement that the t-structure (
is a t-structure on D 2 ); and so on. This situation arises naturally from reduction/induction argument. Lemma 2.9. Suppose that the t-structure (D ≤0 , D ≥0 ) is compatible with the admissible filtration Remark 2.10. In [7, §1.4.13] , these induced t-structures are described via gluing.
) be the glued tstructure. Denote the respective heart by B 1 , B 2 and B. Let ǫ be the inclusion functor from B 1 , B resp. 
The following proposition describes the simple objects in B. 
(2) The simple objects in B are those p i * S, for S simple in B 1 , and those j ! * S, for S simple in B 2 .
For more details, see [7, §1.4] , from which the above are taken. 
So there exists ν : 
) has notherian resp. artinian resp. length heart iff the corresponding t-structure on each
has notherian resp. artinian resp. length heart. 9 2.6. Recollement and Ext-projectives. Let D be a k-linear triangulated category of finite type, where k is a field, and ( 
The following easy observation is essential for us. 
Proof. Since E is an exceptional object, E D is admissible and thus E ⊥D is left admissible with
⊥D is right admissible then E ⊥D is admissible and the given diagram is indeed a diagram of recollement. To show that the t-structure is compatible, it suffices to show that j ! j * is right t-exact, i.e., for Assume that D has a Serre functor and (E n , . . . , E 1 ) is an exceptional sequence such that each 
Now let us be given a recollement of the form (2.3.1). Suppose that X resp. Y is equipped with a t-structure
, and D with the glued t-structure (D ≤0 , D ≥0 ). One easily verifies the following fact. (Happel-Ringel Lemma) . Let E and F be indecomposable objects of A such that Ext 1 (F, E) = 0. Then each nonzero morphism f : E → F is a monomorphism or an epimorphism. In particular, each indecomposable object in A without self-extension is exceptional.
Recall that an object T in a triangulated category is a partial silting object if Hom >0 (T, T ) = 0 and T is basic if its indecomposable direct summands are pairwise non-isomorphic. The following fact shows that a basic partial silting object in D b (A) can yield an exceptional sequence. Although [1, Proposition 3.11] is stated in more restrictive setting, one can see the proof, which uses essentially Happel-Ringel Lemma, works in the current seting.
We will need to relate Ext-projectives to an exceptional sequence.
Proposition 2.21 follows from Proposition 2.20 since the direct sum of pairwise non-isomorphic indecomposable D ≤0 -projectives is a basic partial silting object.
Bounded t-structures on
Recall from [27, 1] that an object X in a triangulated category D called silting if it is partial silting, i.e., Hom >0 (X, X) = 0, and if X D = D. It is tilting if additionally Hom <0 (X, X) = 0. Two such objects X and Y are said to be equivalent if add X = add Y .
Let Λ be a finite dimensional algebra over a field k. Denote by K b (projΛ) the bounded homotopy category of finite dimensional projective right modules over Λ. The following part of König-Yang correspondences will be used repeatedly in the sequel. See [28] for bijective correspondences between more concepts. Let us recall this correspondence from [28] . For a silting object M in K b (projΛ), the associated t-structure on D b (Λ) is given by the pair
Moreover, the heart of (
We refer the reader to [28, §5.6] for the general construction of a silting object associated to a given bounded t-structure (
with length heart. When Λ has finite global dimension, in which case the natural inclusion
is an exact equivalence, the associated basic silting object in
is just the direct sum of a complete set of indecomposable Ext-projectives in the aisle D ≤0 .
Lemma 2.23 ([36, Lemma 6.7]).
If Λ is a representation-finite hereditary algebra then each bounded t-structure on D b (Λ) has length heart.
Hence by Theorem 2.22, to classify bounded t-structures on D b (Λ), where Λ is a representation-finite hereditary algebra, it sufficies, say, to classify silting objects in D b (Λ), which is indeed computable. The following fact characterizes when a silting object is a tilting object in the presence of a Serre functor. 
We will also need the next two facts.
Lemma 2.25. Let k A s be the path algebra of the equioriented
It is well-known that A is a uniserial hereditary abelian category, each indecomposable object in A is exceptional, and D has a Serre functor (isomorphic to the Nakayama functor). We use induction on s to show our assertion. If s = 1, we have modk A 1 = modk and the assertion obviously holds. Suppose s > 1. By Lemma 2.23, the heart B is of finite length. Take an indecomposable direct summand N [p] (N ∈ A) of the corresponding silting object. Then N is D ≤p -projective. If N is a simple module then N is the desired. Otherwise, let
where τ = DTr represents the dual of the transpose and l(N ) is the length of N . For a simple module S, denote by [l] S the unique indecomposable module with top S and of length l.
is a projective generator forĀ 1 with endomorphism algebra isomorphic to k A l(N ) , we haveĀ 1 ≃ modk A l(N ) . We know that N ⊥A is an exact subcategory of A closed under extension. Take
We claim N ⊥A = A 1 A 2 , which implies that A 2 is an exact subcategory of A closed under extension. Since N ⊥A = addA 1 ∪ A 2 , it sufficies to show that Hom(A 1 , A 2 ) = 0 = Hom(A 2 , A 1 ). Note that 
is a bounded t-structure on N ⊥D . Obviously, this t-structure is compatible with the admissible subcategory
) is compatible with the recollement
Consider the bounded t-structure (j 
. So the second assertion follows.
Bounded t-structures on
. Let k be a field. Denote byÃ t−1 the quiver which is an oriented cycle with t vertices and by A t = nilpkÃ t−1 the category of finite dimensional nilpotent k-representations ofÃ t−1 . Let us recall some standard facts on A t . A t is a connected hereditary uniserial length abelian category and admits an autoequivalence τ of period t such that τ (−) [1] is the Serre functor of D b (A t ). Moreover, A t has almost split sequences with Auslander-Reiten translation given by [M ] [τ M ], and its Auslander-Reiten quiver is a tube of rank t (see §3.2 if one is unfamiliar with Auslander-Reiten theory). If S is a simple object in A t then each simple object is of the form τ i S for some i ∈ Z/tZ. Denote by S [n] (resp.
[n] S) the unique (up to isomorphism) indecomposable object in A t of length n and with socle (resp. top) S. For an indecomposable object X in A t , its length is denoted by l(X), and its simple socle resp. top by soc(X) resp. top(X). Then
. X is exceptional iff l(X) < t. Recall from [22] that for a torsion pair (T , F ) in an abelian category A, T is called a tilting torsion class if T is a cogenerator for A, i.e, for each A ∈ A, there is a monomorphism A ֒→ T with T ∈ T ; dually, F is called a cotilting torsion-free class if F is a generator for A.
Lemma 2.27. For a torsion pair (T , F ) in A t , exactly one of the following holds (1) T is a tilting torsion class, equivalently, T contains a non-exceptional indecomposable object; (2) F is a cotilting torsion-free class, equivalently, F contains a non-exceptional indecomposable object.
Proof. Since there exists a nonzero morphsim between two non-exceptional indecomposable objects in A t , T and F cannot contain non-exceptional indecomposable objects in the meantime. If T is a tilting torsion class then it's easy to see that T contains a non-exceptional indecomposable object. Conversely, if T contains a non-exceptional indecomposable object T then [l] top(T ) ∈ T for all l ∈ Z ≥1 since T is closed under quotient and extension. Since any indecomposable object in A t is an subobject of [l] top(T ) for some l, T is a tilting torsion class. Dual argument applies to conclude the asserted equivalence for F .
We will need the following criterion to make sure that certain subcategory of D b (A t ) contains a nonexceptional indecomposable object.
Lemma 2.28. Let C be a subcategory of A t closed under extension and direct summand. If each simple object in A t occurs as a composition factor of some indecomposable object in C, equivalently, there is a sequence
Proof. We claim that if Y, Z are two non-isomorphic exceptional objects in A t with Ext 1 (Z, Y ) = 0, then C contains an indecomposable object C such that Y is a subobject of C in A t and Z a quotient object of C in A t . Indeed, if Ext 1 (Z, Y ) = 0 then there are two objects A, B in A t such that B is indecomposable, A is a quotient object of Y and A, B fits into the exact sequence 0 → A → Z → B → 0. Let C be the unique (up to isomorphism) indecomposable object which fits into the exact sequence 0 → Y → C → B → 0. Then Y (resp. Z) is a subobject (resp. quotient object) of C. Moreover, we have Ext 1 (C, A) = 0 and there is an exact sequence 0 → Y → A ⊕ C → Z → 0. Hence C ∈ C. This shows our claim. Now suppose that C contains a sequence (X 0 , X 1 , . . . , X n−1 , X n = X 0 ) with the given property. Assume for a contradiction that C contains no non-exceptional indecomposable object. In particular, each X i is exceptional. Applying our claim to Y = X 1 , Z = X 2 , we obtain an indecomposable object C 1 ∈ C such that X 1 (resp. X 2 ) is a subobject (resp. quotient object) of
Hence we have a sequence (X 0 , C 1 , X 3 , . . . , X n ) of length (n − 1) in C satisfying the same property with that of the sequence (X i ). By assumption, C 1 is exceptional. Then repeating the above argument for n times will eventually give us a sequence (C) of length 1 with C indecomposable and Ext 1 (C, C) = 0, whence C is a non-exceptional indecomposable object in C, a contradiction. Hence C must contain a non-exceptional object.
We show an analogue of Lemma 2.25 to perform induction.
, which is not a shift of the standard t-structure, there is some simple object in A t that is Ext-projective in some D ≤l .
Proof. Let B be the heart of ( 
and B 2 is an exact subcategory of A t closed under extension, that
and that (D ≤0 , D ≥0 ) is compatible with the recollement
where i * , j ! are inclusion functors. Moreover, we have a bounded t-structure (j
). We know from Lemma 2.25 that some τ m (top(B)) is Ext-projective in some j * D ≤l , which gives us the desired Ext-projective object τ m (top(B)) in D ≤l by Lemma 2.18.
Let S be a proper collection of simple objects in A t , where properness means that S does not contain a complete set of simple objects in A t and simple objects in S are pairwise non-isomorphic. Two such collections are said to be equivalent if they yield the same isoclasses of simple objects. Take a complete set S 1 , . . . , S n of simple objects such that
where k A l is the path algebra of the equioriented A l -quiver. Since S ⊥A t is a uniserial length abelian k-category whose Ext-quiver is an oriented cycle with t − ♯S vertices, we have an equivalence
Bounded t-structures on D b (A t ) can be described as follows.
, there is a unique (up to equivalence) proper collection S of simple objects in A t such that
k k where i * , j ! are the inclusion functors;
• the corresponding t-structure on S ⊥D has heart S ⊥A t [m] for some m. In particular, each bounded t-structure on D b (A t ) has length heart.
Proof. Since each bounded t-structure on
has length heart (by Lemma 2.23) and S ⊥A t [m] is of finite length, by Lemma 2.12, the second assertion follows from the first. We use induction on t to prove the first assertion.
Suppose t = 1. We have a unique (up to isomorphism) simple object S in A 1 . So the asserted S is the empty set. We need show that any bounded t-structure on D b (A 1 ), whose heart is denoted by B, is a shift of the standard one. Note that each indecomposable object in
, as desired. Now consider t > 1. If B is a shift of A t , just take S = ∅. Suppose that B is not a shift of A t . By Lemma 2.29 and Lemma 2.15, for some simple
) is compatible with the admissible subcategory
. A := S ⊥A t is equivalent to A t−1 , and simple objects in A are τ S [2] and those S ′ , which are simple in A t and non-isomorphic to τ S and S. By the induction hypothesis, for a proper collection S 1 of simple objects in S ⊥A t , the corresponding t-structure on and the corresponding t-structure on S
) is compatible with the admissible subcategory S ⊥D and the corresponding t-structure on S ⊥D has heart
2 ) be the corresponding t-structures on S ⊥D and S D , respectively. Note that D 
As a complete set of simple objects in S At , the collection S is uniquely determined. This finishes the proof.
Weighted projective lines
For self-containedness, we review the basic theory of weighted projective lines in details in §3.1-3.4. The materials in §3.1 are taken from the original article [17] , which introduced the notion of weighted projective lines. For a recent survey of the theory, see [30] . We fix an algebraically closed field k in this section.
Basic definitions and properties. Given a sequence
x i , which is called the dualizing element. Each x ∈ L(p) can be written uniquely in the form
Given a sequence p = (p 1 , . . . , p t ) of positive integers and a sequence λ = (λ 1 , . . . , λ t ) of distinct points in the projective line
S becomes L(p)-graded with the assignment deg(x i ) = x i and thus S = ⊕ x∈L(p) S x . Using S as the homogeneous coordinate algebra, [17] introduced a weighted projective line X = X(p, λ). X is defined to be the L(p)-graded projective spectrum of S, which is the set
is a noetherian hereditary abelian category with finite dimensional morphism and extension spaces.
We have an analogue of Serre's theorem, that is, we have an equivalence
where mod L(p) S is the abelian category of L(p)-graded finite generated modules over S and mod
S is the Serre subcategory of mod L(p) S consisting of modules of finite length. One may as well take the latter quotient category as the definition of cohX.
For
We denote by τ the k-linear autoequivalence −( ω) of cohX, where ω is the dualizing element.
Theorem 3.1 (Serre duality). For X, Y ∈ cohX, we have an isomorphism
Consequently, the bounded derived category
. There is a linear form rk : K 0 (X) → Z on the Grothendieck group K 0 (X) of cohX, called rank, which is preserved under the action of L(p). As usual, we have the notion of a locally free sheaf, or a vector bundle. A line bundle is a vector bundle of rank 1. A coherent sheaf F over X is called torsion if it is of finite length in cohX, equivalently, if rk(F ) = 0. Each coherent sheaf over X decomposes as the direct sum of a torsion sheaf and a vector bundle. The subcategory of vector bundles resp. torsion sheaves over X is denoted by vectX resp. coh 0 X. We have Hom(coh 0 X, vectX) = 0.
The function w :
is called the weight function of X. A weight function of X obviously shares the same data as that given by the pair (p, λ).
Proposition 3.2. The category coh 0 X of torsion sheaves decomposes into a coproduct λ∈P 1 coh λ X of uniserial categories. The number of simple objects in coh λ X is w(λ).
A torsion sheaf in coh λ X will be said to be supported at λ. λ i 's are called exceptional points and the remaining points of P 1 ordinary points. For an ordinary point λ, the unique simple sheaf S supported at λ fits into the exact sequence
characterize the p i pairwise non-isomorphic simple sheaves supported at λ i . The simple sheaf S supported at an ordinary point satisfies S( x) ∼ = S for any x ∈ L(p); the simple sheaves S i,j supported at λ i satisfies
As a uniserial length abelian k-category whose Ext-quiver is an oriented cycle with w(λ) verticies, coh λ X is equivalent to the category nilpkÃ w(λ)−1 of nilpotent finite dimensional k-representations of the cyclic quiverÃ w(λ)−1 with w(λ) vertices. So the algebra kÃ t−1 provides a local study of a weighted projective line. This accounts for the presence of §2.9.
Denote by PicX the Picard group of X, i.e., the group of isoclasses of line bundles under tensor product.
is an isomorphism. In particular, each line bundle over X is isomorphism to O( x) for some x ∈ L(p).
(2) Each nonzero bundle over X admits a line bundle filtration. That is, for a nonzero bundle E, there is a filtration
The Grothendieck group K 0 (X) of cohX (and thus the Grothendieck ring
) is a finitely generated free abelian group of rank
and the averaged Euler form is defined byχ(E,
Here g X = 1 + 1 2 δ( ω) is the (virtual) genus of X. X is said to be of domestic (resp. tubular, resp. wild) type if g X < 1 (resp. g X = 1, resp. g X > 1), equivalently, δ( ω) < 0 (resp. δ( ω) = 0, resp. δ( ω) > 0). X is of domestic type iff the weight sequence is (1, p 1 , p 2 ), (2, 2, n) (n ≥ 2), (2, 3, 3) , (2, 3, 4) , (2, 3, 5) , up to permutation; X is of tubular type iff the weight sequence is (2, 2, 2, 2), (3, 3, 3) , (2, 3, 6) , (2, 4, 4) , up to permutation; weighted projective lines of wild type correspond to the remaining weight sequences.
A coherent sheaf T over X is called a tilting sheaf if it is a tilting object as an object in
and induces a torsion pair (T , F ) in cohX, where
Theorem 3.6. There is a canonical tilting bundle T = ⊕ 0≤ x≤ c O( x) over X, whose endomorphism algebra is isomorphic to a canonical algebra Λ with the same parameter (p, λ) in the sense of Ringel ([43] ). In particular, we have a derived equivalence
Recall from [43] that a canonical algebra Λ with parameter (p, λ) is the path algebra of the quiver
with relations
A glimpse of Auslander-Reiten theory. Auslander-Reiten theory is introduced by Auslander and
Reiten to study representations of artin algebras. The standard reference is [4] (see also [3] Here we recall some basic definitions and we follow [43] . Let A be an essentially small Hom-finite abelian k-category. If X and Y are indecomposable, rad(X, Y ) denotes the k-subspace of Hom(X, Y ) consisting of non-invertible morphisms.
A morphism h : X → Y is called irreducible if h is neither a split monomorphism nor a split epimorphism and if h = ts for some s : X → Z and t : Z → Y , then s is a split monomorphism or t is a split epimorphism.
f is right almost split, that is, f is not an split epimorphism and any morphism X → C which is not a split epimorphism factors through f , and (ii) f is right minimal, that is, γ ∈ End(B) satisfying f γ = f is an automorphism. Dually, one defines a source map (or a minimal left almost split morphism). Sink (resp. source) maps with a fixed target (resp. source), if they exist, are obviously unique up to isomorphism. If f : B → C is a sink (resp. source) map then C (resp. B) is indecomposable. An exact sequence 0 → A 
We say that A has sink (resp. source) maps if for each indecomposable object A ∈ A, there exists a sink map B → A (resp. a source map A → C). We say that A has Auslander-Reiten sequences (or almost split sequences) if A has both sink and source maps. In the following, AR will be short for Auslander-Reiten. If A has AR sequences then the AR quiver (Γ A , σ) of A, which turns out to be a translation quiver, is defined as follows. The vertex set of Γ A is in bijection with a complete set of representatives of isoclasses of indecomposable objects in A. Denote the vertex corresponding to an indecomposable object M by [M ] The existence of AR sequences as well as the existence of AR triangles is closely related to the existence of a Serre functor. We refer the reader to [42] and here we only record the following fact (see [42, AR sequences are obtained in the following way.
i E ∈ C for all i ∈ Z. In this case, we can talk about the AR quiver of C and the AR quiver of C is a union of certain components of the AR quiver of cohX. For each λ ∈ P 1 , coh λ X is closed under the formation of AR sequences and the AR quiver of coh λ X is a tube of rank w(λ), where w is the weight function of X, and thus the AR quiver of coh 0 X is a family of tubes parametrized by P 1 . vectX is also closed under the formation of AR sequences. We will see in the next subsection the shape of the AR quiver of vectX for a domestic or tubular weighted projective line X. We mention that for a wild weighted projective line X, each AR component of vectX has the shape ZA ∞ [35] .
We introduce more definitions for the sake of the next subsection. Let E be an indecomposable object in cohX lying in a component which is a tube of finite rank. The quasi-length of E is the largest integer l such that there exists a sequence E = A l ։ A l−1 ։ . . . ։ A 2 ։ A 1 = A of irreducible epimorphisms, equivalently, there exists a sequence B = B 1 ֒→ B 2 ֒→ . . . ֒→ B l−1 ֒→ B l = E of irreducible monomorphisms. In this case, we say A (resp. B) is the quasi-top (resp. quasi-socle) of E. E is called quasi-simple if E is of quasi-length one, i.e., E lies at the bottom of the tube. Note that the quasi-length of an indecomposable finite length sheaf coincides with its length and a quasi-simple torsion sheaf is just a simple sheaf. The τ -period of E is the minimal positive integer n such that τ n E ∼ = E, which equals the rank of the tube.
3.3.
Vector bundles over a domestic or tubular weighted projective line. We first recall the notion of stability of a vector bundle. For a nonzero bundle F over a weighted projective line X, its slope µ(F ) is defined as µ(F ) = deg(F )/rk(F ).
F is called semistable (resp. stable) if µ(E) ≤ (resp. <) µ(F ) for any subbundle E of F with rk(E) < rk(F ). For µ ∈ Q, denote by coh µ X the subcategory of cohX consisting of semistable bundles of slope µ. coh µ X is a length abelian category whose simple objects are precisely stable bundles of slope µ. For a torsion sheaf T , we define µ(T ) = ∞ and denote coh ∞ X = coh 0 X. We have Hom(coh µ X, coh µ ′ X) = 0 for µ > µ ′ . As in the case of smooth projective curves, the maximal destabilizing subsheaf exists in our case, and thus each nonzero bundle admits a Harder-Narasimhan filtration, that is, a sequence
such that all the factors A i = F i /F i−1 (0 < i ≤ m) are semistable bundles and
Such a filtration is unique up to isomorphism. A i are called the semistable factors of F . We will denote
Similarly one defines coh >µ X, coh ≤µ X. 
Let∆ be the extended Dynkin diagram attached to ∆. We collect well-known and basic properties of vector bundles over a domestic weighted projective line in the following theorem.
Theorem 3.9. Let X be a weighted projective line of domestic type with weight sequence (p 1 , p 2 , p 3 ).
(1) Each indecomposable bundle over X is stable and exceptional. The rank function rk is bounded on indecomposable bundles over X. If some p i equals 1 then each indecomposable bundle is a line bundle.
(2) The direct sum of a complete set of indecomposable bundles with slope in the interval (δ( ω), 0] is a tilting bundle and its endomorphism algebra is the path algebra k ∆ of an extended Dynkin quiver ∆ with underlying graph∆. In particular, we have a derived equivalence 1) To show that the endomorphism algebra End(T ) of the tilting bundle T given in Theorem 3.9(2) is a hereditary algebra, instead of using the argument in [29] , we can also argue as follows. By Proposition 3.33, there are a bounded t-structure with heart B ⊂ cohX[1] * cohX and an equivalence B ≃ mod End(T ). Clearly we have Hom 2, 3, 4) , then the full subquiver of the AR quiver of vectX consisting of those indecomposable bundles with slope in (δ( ω), 0] can be depicted as follows
It follows that ∆ has a bipartite partition.
Now suppose X is of tubular type. We have an interesting and extremely useful class of exact autoequivalences of D b (X), called telescopic functors. These functors are introduced in [33] as equivalences between subcategories of cohX and extended in [39] as exact autoequivalences of D b (X). [38] is a good reference for these functors. (1) we have coh µ λ X ≃ coh λ X and coh µ X decomposes as coh µ X = λ∈P 1 coh µ λ X. In particular, each coh µ λ X as well as coh µ X is a uniserial abelian category. (2) Each indecomposable bundle over X is semistable. coh µ λ X is closed under the formation of AuslanderReiten sequences and the Auslander-Reiten quiver of coh µ λ X is a tube of rank w(λ), where w is the weight function of X. In particular, the Auslander-Reiten quiver of vectX is a family of tubes parametrized by Q × P
Here we make an observation needed in the following two lemmas. Let (p 1 , . . . , p t ) be the weight sequence of X. Recall that we denote by p = lcm(p 1 , . . . , p t ). Since X is of tubular type, there is some p i equal to p. So there exists a simple sheaf S with τ -period p.
For F ∈ coh(X) and n ∈ Z, we define the slope µ (F [n] ) of the object
We will need to know the effect of the telescopic functor Φ ∞,q on slope and the essential image of coh µ X under Φ ∞,q . Lemma 3.13. (1) There is a fractional linear map
(2) For µ ∈Q, we have
Proof. Recall from [38, Chapter 5] that for an indecomposable coherent sheaf E over X with τ -period p E , the tubular mutation functor T τ • E with respect to the τ -orbit of E, which is an exact autoequivalence of D b (X), fits into a triangle (⊕
Define an action of SL(2, Z) onQ by ∈ SL(2, Z) and such that Φ ∞,q (coh µ X) is a shift of coh φq(µ) X for each µ ∈Q. We extend φ q to be the function
By Riemann-Roch Theorem, we have Hom(coh µ X, coh
It's well-known that a stable bundle over an elliptic curve defined over an algebraically closed field has coprime rank and degree. We have the following analogue 3 for a stable bundle over a tubular weighted projective line, which is implicit in [33] . Actually, there is a similar proof for an elliptic curve. 
Proof. Let S be a simple sheaf with τ -period p. By Riemann-Roch Theorem, the linear form deg : K 0 (X) → Z coincides withχ(O, −) and the linear form rk :
Hence gcd(rk(E), deg(E)
For a collection S of objects in cohX, we have S ⊥A = ⊥A τ S by Serre duality. So it sufficies to describe right perpendicular categories. We are concerned about perpendicular categories of an exceptional sequence.
A (possibly empty) collection of simple sheaves over X is called proper if it does not contain all the simple sheaves supported at λ for each λ ∈ P 1 and simple sheaves in the collection are pairwise non-isomorphic. In particular, it contains only exceptional simple sheaves. (1) We have an equivalence S ⊥A ≃ cohX ′ preserving rank, where
is a weighted projective line with weight sequence
(2) The inclusion of the exact subcategory S ⊥A into A = cohX admits an exact left adjoint and an exact right adjoint, both of which preserve rank.
Let E be an exceptional torsion sheaf. Denote
. Let E be an exceptional torsion sheaf, with the above notation, E ⊥A decomposes as 
and an equivalence S ′ E A ≃ modk A l(E)−1 , where k A l is the path algebra of the equi-oriented A l -quiver. Note that if X is of tubular type then X ′ is of domestic type.
Proof. Suppose E is supported at λ. We have a decomposition
It sufficies to show that each nonzero bundle F lying in E ⊥A lies in S ⊥A E . Assume for a contradiction that F / ∈ S ⊥A E . Then for some S ∈ S E , Ext 1 (S, F ) = 0, whence Hom(F, τ S) = 0 by Serre duality. Since τ S is a composition factor of τ E and since Hom(F, −) : coh λ X → modk is an exact functor, Hom(F, τ S) = 0 implies Hom(F, τ E) = 0. Hence Ext 1 (E, F ) = 0, a contradiction to F ∈ E ⊥A . So indeed we have
By Serre duality, this implies Hom(E ⊥A ∩ vectX, S ′ E A ) = 0. Now that each coherent sheaf over X is a direct sum of a bundle and a torsion sheaf and that coh 0 X = λ∈P 1 coh λ X, we can conclude In certain cases, forming a perpendicular category can yield the module category of a representation-finite finite dimensional hereditary algebra.
Lemma 3.18. (1) If X is of domestic type and E is an indecomposable bundle then E ⊥A is equivalent to modΛ for a representation-finite finite dimensional hereditary algebra Λ.
(2) If X is of tubular type and (E, F ) is an exceptional pair in cohX with µ(E) = µ(F ) then {E, F } ⊥A is equivalent to modΛ for a representation-finite finite dimensional hereditary algebra Λ.
Proof. (1) Let (p 1 , p 2 , p 3 ) be the weight sequence of X. If some p i = 1, say i = 1, then E is a line bundle and by Theorem 3.17 (2) we have E ⊥A ≃ modk[p 2 , p 3 ]. Otherwise p i ≥ 2 for all i. Up to the action of some power of τ , we can suppose δ( ω) < µ(E) ≤ 0. Let T be the direct sum of a complete set of indecomposable bundles with slope in the interval (δ( ω), 0] and suppose T = T 1 ⊕ E. Recall that T is a tilting bundle and its endomorphism algebra Γ = End(T ) is a tame hereditary algebra whose quiver has a bipartite orientation. Hence Γ 1 = End(T 1 ) is a representation-finite hereditary algebra. We already know E ⊥A ≃ modΛ for a finite dimensional hereditary algebra Λ. Now that T 1 is a tilting object in E ⊥D , we have exact equivalences
. Hence Λ is a representation-finite hereditary algebra, the underlying graph of whose quiver is the same as that of the quiver of Γ 1 .
(2) We can suppose that F is an exceptional torsion sheaf by applying the telescopic functor Φ ∞,µ(F ) if necessary. By Lemma 3.16, we have an equivalence
for some exceptional bundle E ′ over X ′ and some m ∈ Z. Thus there are exact equivalences
for a representation-finite finite dimensional hereditary algebra Γ . It follows that {E, F } ⊥A is equivalent to modΛ for a representation-finite finite dimensional hereditary algebra Λ.
Remark 3.19. (1) There is a more direct proof of (1) using Theorem 3.22. The current proof has the advantage that it gives us additional information on the quiver of Λ.
(2) It can be shown that if X is of tubular type and E is an exceptional bundle with quasi-length l then E ⊥A ≃ modΛ modk A l−1 for a tame hereditary algebra Λ and an equioriented A l−1 -quiver.
3.5. Some nonvanishing Hom spaces. The following two lemmas are well-known.
Lemma 3.20. Let E be a nonzero bundle over X and F an non-exceptional indecomposable sheaf in coh λ X. Then Hom(E, F ) = 0, Ext 1 (F, E) = 0.
Proof. Suppose F is supported at λ ∈ P 1 . Take a line bundle L such that there is an epimorphism E ։ L and also a simple sheaf S supported at λ such that Hom(L, S) = 0. Then Hom(E, S) = 0. Since F is non-exceptional, S is a composition factor of F . Then there exist two exact sequences
where F i ∈ coh λ X (i = 1, 2, 3). Applying Hom(E, −), one has Hom(E, S) ֒→ Hom(E, F 2 ) and Hom(E, F ) ։ Hom(E, F 2 ) therefore Hom(E, F ) = 0. Note that τ F is also a non-exceptional indecomposable sheaf and thus Hom(E, τ F ) = 0. This gives Ext 1 (F, E) = 0 by Serre duality.
Lemma 3.21. Let X be of tubular type. Suppose E, F to be two nonzero bundles with µ(E) < µ(F ). Then Hom(E, τ i F ) = 0 for some i. If E or F is a non-exceptional indecomposable bundle, Hom(E, F ) = 0 always holds.
Proof. By Riemann-Roch Theorem, we have
Since Ext 1 (τ j E, F ) = 0 for each j, Hom(τ m E, F ) = 0 for some 0 ≤ m < p, whereby Hom(E, τ i F ) = 0 for some i. If E is non-exceptional indecomposable bundle then E has a filtration with factors τ i G (0 ≤ i < p E ), where G is the quasi-top of E and p E is the τ -period of E. Now that Hom(τ i G, F ) = 0 for some i, Hom(E, F ) = 0. Similar argument applies to the case when F is a non-exceptional indecomposable bundle. 21
Using stability argument, [35] showed the following fact.
Theorem 3.22 ([35, Theorem 2.7]). Let F, G be nonzero bundles on X with µ(G)
− µ(F ) > δ( c + ω) = p + δ( ω) then Hom(F, G) = 0. For E[n] ∈ D b (X) (E ∈ cohX),
we defined the slope of E[n] by µ(E[n]) = µ(E).
For a nonzero subcategory C of D closed under direct summand, define (3.5.1) µ(C) = {µ(E) | E an indecomposable object in C}.
We emphasize that we only count in indecomposables. We will talk about limit points of subsets of µ(C). In doing so, we will deem µ(C) as a subspace ofR, whereR is equipped with the topology obtained via one point compactification of R. If X is of tubular type, by Lemma 3.13, for each q ∈Q, there is a fractional linear function φ q onR with integer coefficients such that µ(Φ ∞,q (E)) = φ q (µ(E)), where Φ ∞,q is a telescopic functor. Evidently, φ q is a homeomorphism ofR and restricts to a homeomorphism of the subspaceQ.
Lemma 3.23. Suppose X is of tubular type and let E be an exceptional sheaf over X. Then µ(E) is the unique limit point of µ(E ⊥A ) (and µ( ⊥A E)).
Proof. First suppose that E is an exceptional torsion sheaf. By Lemma 3.16 (and with the notation there), we have
where X ′ is a weighted projective line of domestic type, and the equivalence S ⊥A E ≃ cohX ′ preserves rank. By Theorem 3.9, the rank function rk is bounded on indecomposable sheaves in E ⊥A . Moreover, L(n c) ∈ E ⊥A for a line bundle L ∈ E ⊥A and n ∈ Z. Thus ∞ is the unique limit point of µ(E ⊥A ). Now consider an exceptional bundle E with slope q. Since Φ ∞,q (E) is an exceptional torsion sheaf, ∞ is the unique limit point of µ(Φ ∞,q (E) ⊥A ). Now that
Corollary 3.24. Suppose X is of tubular type. Let E be an indecomposable sheaf and {E i | i ∈ I} a collection of indecomposable sheaves. Suppose µ is a limit point of {µ(E i ) | i ∈ I} ⊂R. If µ < µ(E) then there is some E i with Hom(E i , E) = 0; if µ > µ(E) then there is some E i with Hom(E, E i ) = 0.
Proof. We will consider the case µ < µ(E) and the other case is similar. If E is non-exceptional then our assertion follows from Lemma 3.20 and Lemma 3.21. So we consider exceptional E. We can assume that µ(E i ) < µ(E) for all i by dropping the other E i 's. Then Ext 1 (E i , E) = 0 for all i. If Hom(E i , E) = 0 for all i then E i ∈ ⊥A E for all i and thus µ is limit point of µ( ⊥A E). This is a contradiction to Lemma 3.23. Thus we have Hom(E i , E) = 0 for some i. 
Observe that by Serre duality, if (E 1 , . . . , E n ) is a full exceptional sequence in cohX then
is also a full exceptional sequence. We show that a full exceptional sequence in cohX can possess certain nice term.
Lemma 3.26. If a full exceptional sequence in cohX contains a torsion sheaf then it contains a simple sheaf.
Proof. Let (E 1 , . . . , E n ) be a full exceptional sequence with E i a torsion sheaf. We can suppose i = n. Note that (E 1 , . . . , E n−1 ) is a full exceptional sequence in E ⊥A n . If E n is already simple then there is nothing to prove. Suppose l(E n ) > 1. Then by Lemma 3.16, we have an equivalence
for some weighted projective line X ′ and an equioriented A l(En)−1 -quiver. Via this equivalence, a subsequence of (E 1 , . . . , E n−1 ) yields a full exceptional sequence in modk A l(En)−1 , which contains a simple module by Corollary 2.26. Note that a simple k A l(En)−1 -module maps to a simple sheaf under the equivalence (3.6.1), which is clear from Lemma 3.16. So some E i is a simple sheaf.
Proposition 3.27. For X of domestic type, each full exceptional sequence in cohX contains a line bundle.
Proof. Let (E 1 , . . . , E n ) be a full exceptional sequence in cohX. We use induction to show our assertion. Consider the weight type (1, p 1 , p 2 ), in which case each indecomposable bundle over X is a line bundle. Since (E 1 , . . . , E n ) classically generates D b (X), some E i is an indecomposable bundle and thus a line bundle. We continue to consider a domestic weight type different than (1, p 1 , p 2 ) even up to permutation. We claim that if each E i is a bundle then the assertion holds, which is proved later. So consider the case that some E i is a torsion sheaf. We can assume that i = n. Moreover, (E 1 , . . . , E n−1 ) is a full exceptional sequence in E ⊥A n . By Lemma 3.16 (and with the notation there), we have
where X ′ is a weighted projective line with a weight function dominated by the weight function of X (in the sense of [18] ), and the equivalence S ⊥A En ≃ cohX ′ preserve rank. By induction, we know that some E i (i ∈ {1, . . . , n − 1}) is a line bundle.
It remains to prove our claim that if each E i is a bundle then some E i is a line bundle. The proof is inspired by the proof of [38, Proposition 4.3.6]. As in [38, §4.3.6], for an exceptional sequence E = (E 1 , . . . , E n ), define
where π is a permutation on {1, . . . , n} such that rk(E π(1) ) ≥ · · · ≥ rk(E π(n) ).
Suppose for a contradiction that rk(E i ) ≥ 2 for each i. In particular, ⊕E i is not a tilting bundle since each tilting bundle contains a line bundle summand for X of domestic type by [30, Corollary 3.7] (reproved with Corollary 3.36(1)). Hence for some i < j, Ext 1 (E i , E j ) = 0. We can assume that Ext
Consider i < k < j such that Hom(E i , E k ) = 0. Let f : E i → E k be a nonzero morphism, which is either a monomorphism or an epimorphism by Happel-Ringel Lemma (see Proposition 2.19). f being a monomorphism implies 0 = Ext
a contradiction. Hence f is an epimorphism. Thus Hom(E i , E j ) = 0 implies Hom(E k , E j ) = 0. Let P be the subsequence of (E i+1 , . . . , E j−1 ) consisting of those E k satisfying Hom(E i , E k ) = 0. Then for each term E k in P , we have an epimorphism in Hom(E i , E k ) and Hom(E k , E j ) = 0. Let Q be the subsequence of (E i+1 , . . . , E j−1 ) consisting of the remaining terms, i.e., those E l satisfying Hom(E i , E l ) = 0. We want to show that Hom(E k , E l ) = 0 for E k ∈ P, E l ∈ Q. Each nonzero morphism g : E k → E l is either a monomorphism or an epimorphism by Happel-Ringel Lemma. If g is a monomorphism then Hom(E i , E k ) = 0 implies Hom(E i , E l ) = 0, a contradiction to Hom(E i , E l ) = 0; if g is an epimorphism then composing with an epimorphism in Hom(E i , E k ) yields an epimorphism in Hom(E i , E l ), again a contradiction to Hom(E i , E l ) = 0. These show that Hom(E k , E l ) = 0 for E k ∈ P, E l ∈ Q. Moreover, Hom(E k , E j ) = 0 for E k ∈ P . Therefore the sequence (E 1 , . . . , E i−1 , Q, E i , E j , P, E j+1 , . . . , E n ) is a full exceptional sequence. This gives us a full exceptional sequence (F 1 , F 2 , . . . , F n ) with rk(F i ) ≥ 2, Ext 1 (F 1 , F 2 ) = 0 and Hom(F 1 , F 2 ) = 0. Now we use mutation of an exceptional sequence. Let L F1 F 2 be the universal extension:
is a full exceptional sequence with F ′ > F . As before, since each bundle in the sequence has rank ≥ 2, the direct sum of bundles in F ′ is not a tilting bundle. This allows us to repeat the argument above. Successive repeating will give us indecomposable bundles with arbitrary large rank. This is a contradiction to the fact that the rank function is bounded on indecomposable bundles over a weighted projective line of domestic type. We have thus shown our claim that each full exceptional sequence (E 1 , . . . , E n ) with each E i a bundle indeed contains a line bundle. Proof. Let (E 1 , . . . , E n ) be a full exceptional sequence in cohX. By Lemma 3.26, if some E i is torsion then some E j is simple. Suppose j = n. Since (E 1 , . . . , E n−1 ) is a full exceptional sequence in E ⊥A n ≃ cohX ′ , where X ′ is a weighted projective line of domestic type and the equivalence preserves rank, it follows from Proposition 3.27 that some E k is a line bundle.
3.7. Torsion pairs in cohX. In this subsection, we discuss some properties of torsion pairs in cohX and also give some preparatory descriptions of torsion pairs (see §4.5 for the final description). We first describe two simple classes of torsion pairs in cohX. Obviously, any torsion pair in cohX restricts to a torsion pair in coh λ X for each λ ∈ P 1 .
Lemma 3.29. Let (T , F ) be a pair of subcategories of cohX.
(1) (T , F ) is a torsion pair in cohX with T ⊂ coh 0 X iff for each λ ∈ P 1 , there is a torsion pair
(2) (T , F ) is a torsion pair in cohX with F ⊂ coh 0 X iff
where each F λ is a torsion-free class in coh λ X without non-exceptional indecomposable object.
Proof. We prove (2) as (1) is clear.
(⇒) Suppose F ⊂ coh 0 X. F restricts to a torsion-free class F λ in coh λ X for each λ ∈ P 1 . If F λ contains a non-exceptional indecomposable sheaf then by Lemma 3.20, T contains no nonzero bundle and thus vectX ⊂ F , a contradiction. Hence each F λ contains no non-exceptional indecomposable sheaf.
(⇐) By the definition of T , T is closed under quotient and extension. Therefore T is a torsion class in cohX since cohX is noetherian. Then (T , T ⊥0 ) is a torsion pair in cohX and thus we need to show F = T ⊥0 . Hom(T , F ) = 0 implies F ⊂ T ⊥0 and it remains to show T ⊥0 ⊂ F . For each λ ∈ P 1 , T ∩ coh λ X = ⊥ 0,coh λ X F λ is the torsion class in coh λ X corresponding to the torsion-free class F λ , which implies T ⊥0 ∩ coh λ X ⊂ F λ . Hence T ⊥0 ∩ coh 0 X ⊂ F . We claim that T ⊥0 contains no nonzero bundle, which implies T ⊥0 ⊂ F . Suppose for a contradiction that T ⊥0 contains a nonzero bundle E. For each λ ∈ P 1 , by Lemma 2.28, it is impossible that each simple sheaf in coh λ X occurs as a composition factor of some indecomposable sheaf in F λ . Hence we have a line bundle L such that L(n c) ∈ T for all n ∈ Z. But Hom(L(n c), E) = 0 for n ≪ 0, a contradiction. This shows our claim. Recall that for each µ ∈R, we have torsion pairs
These are very useful for our analysis. A torsion pair in cohX is either tilting or cotilting.
Lemma 3.31. Let (T , F ) be a torsion pair in cohX.
(1) If F contains a nonzero bundle then F is a cotilting torsion-free class and coh ≤µ X ⊂ F for some µ ∈ R. (2) If T contains a nonzero bundle then T is a tilting torsion class. If coh 0 X T then coh ≥ν X ⊂ T for some ν ∈ R.
Proof. Suppose that F contains a nonzero bundle A. If T contains no nonzero bundle, then vectX ⊂ F . Now suppose that T contains a nonzero bundle T . Let µ = µ(A) − δ( c + ω). Then for each bundle B ∈ T , we have µ(B) > µ. Indeed, if µ(B) ≤ µ then µ(A) − µ(B) ≥ δ( c + ω) and Hom(B, A) = 0 by Theorem 3.22, a contradiction to Hom(T , F ) = 0. Since T is closed under quotient, for each nonzero bundle E in T , the last semistable factor of E lies in T and hence µ − (E) > µ. This shows vectX ∩ T ⊂ coh >µ X. Recall that a coherent sheaf over X decomposes as a direct sum of a torsion sheaf and a vector bundle. So we have T ⊂ coh >µ X and thus coh ≤µ X ⊂ F . Similarly one shows that if T contains a nonzero bundle then vectX ∩ F ⊂ coh <ν X for some ν ∈ R, which implies coh ≥ν X ⊂ T provided coh 0 X T . Now we show that F is a cotilting torsion-free class if F contains a nonzero bundle. That is, we need to show that for each sheaf E, there is some sheaf F ∈ F and an epimorphism F ։ E. We do induction on rk(E). We already have coh ≤µ X ⊂ F for some µ ∈ R. If E is an indecomposable torsion sheaf then we can take a line bundle L ∈ F such that L ։ E. If rk(E) > 0, take a line bundle L 1 ∈ F with µ(L) ≪ µ(E). Then we have an exact sequence 0 → L 1 → E → E 1 → 0 with rk(E 1 ) < rk(E). By the induction hypothesis, there is some F 1 ∈ F and an epimorphism
gives us an object F ∈ F and an epimorphism F ։ E, as desired. If T contains a nonzero bundle, we show that T is a tilting torsion class. For each λ ∈ P 1 , consider the torsion pair (T λ , F λ ) = (T ∩ coh λ X, F ∩ coh λ X) in coh λ X. By Lemma 3.20, F λ contains no non-exceptional object and thus T λ contains a non-exceptional object. Then S ∈ T for a simple sheaf S supported at an ordinary point. Moreover, T λ is a tilting torsion class in coh λ X by Lemma 2.27. Hence each indecomposable torsion sheaf in 24
This shows that T is a tilting torsion class if T contains a nonzero bundle.
Lemma 3.32. Let (T , F ) be a torsion pair in cohX with coh 0 X T cohX. (1) If X is of domestic type then the τ -orbit of each line bundle contains some line bundle L such that L ∈ T and τ L ∈ F .
(2) If X is of tubular type then exactly one of the following holds: (a) there exists some quasi-simple bundle E in T with τ E ∈ F ; (b) for some µ ∈ R\Q, (T , F ) = (coh >µ X, coh <µ X); (c) for some µ ∈ Q and some P ⊂ P 1 ,
Proof. Note that coh 0 X T cohX implies {0} F vectX. By Lemma 3.31, coh ≤µ0 X ⊂ F for some µ 0 ∈ R and coh ≥ν0 X ⊂ T for some ν 0 ∈ R.
. Since δ( ω) < 0, for each line bundle L, τ n L ∈ F for n ≫ 0 and τ n L ∈ T for n ≪ 0. Moreover coh 0 X T implies that each line bundle lies in T or F and therefore there must be a line bundle τ n L ∈ T with τ n+1 L ∈ F . (2) Obviously, the three types are disjoint. If (T , F ) is not of type (a) then τ E ∈ T for each quasi-simple E ∈ T . For µ ∈ Q and λ ∈ P 1 , let X be an indecomposable bundle in coh
Let E be any indecomposable bundle with µ(E) > µ 1 and take an indecomposable bundle T ∈ T with µ 1 ≤ µ(T ) < µ(E). Then Lemma 3.21 implies that Hom(τ j T, E) = 0 for some j. Since τ j T ∈ T , E / ∈ F . This shows that µ
We establish bijective correspondences between tilting sheaves, certain bounded t-structures on D b (X) and certain torsion pairs in cohX. (1) torsion pairs (T , F ) in A such that the tilted heart F [1] * T is a length category; (2) bounded t-structures whose heart is a length category contained in A[1] * A; (3) isomorphism classes of basic tilting sheaves in A; (4) torsion pairs (T , F ) such that there is n = rkK 0 (X) pairwise non-isomorphic indecomposable sheaves E 1 , . . . , E n in T with τ E i ∈ F for all i. Moreover, torsion pairs (T , F ) in (1) with the additional assumption coh 0 X T cohX are in bijection with isoclasses of basic tilting bundles.
Proof. The second assertion follows readily from the first one. We show the first assertion. The bijection between (1) and (2) follows from Proposition 2.3. Note that for those E i 's in (4), we have Hom(⊕E i , ⊕τ E i ) = 0. By Serre duality, we have Ext 1 (⊕E i , ⊕E i ) = 0. Thus E i 's can be ordered to be a full exceptional sequence by Proposition 2.20 and Lemma 3.25. So ⊕E i is a tilting sheaf. Then the obvious associations between (3) and (4) are evidently inverse to each other. Now we establish the bijection between (2) and (3). By Theorem 3.6, A = cohX is derived equivalent to modΛ for a canonical algebra Λ. Hence we can apply Theorem 2. 
Since T ∈ T , τ T ∈ F , this torsion pair is just the one corresponding to T .
Example 3.35. Consider the torsion pair (T , F ) = (coh ≥µ X, coh <µ X) for µ ∈ R. If X is of domestic type, similar argument to that in the proof of [30, Theorem 3.5] shows that the direct sum of a complete set of indecomposable bundles with slope in the interval [µ, µ − δ( ω)) is a tilting bundle, whose endomorphism algebra turns out to be a tame hereditary algebra. The induced torsion pair is exactly (coh ≥µ X, coh <µ X). If X is not of domestic type then T (resp. F ) is closed under τ (resp. τ −1 ) since δ( ω) ≥ 0. Therefore (coh >µ X, coh ≤µ X) cannot be induced by a tilting sheaf and the tilted heart coh ≤µ X[1] * coh >µ X is not a length category.
We obtain the following known results as a corollary of Proposition 3.33. (2) Note that in Lemma 3.32, a torsion pair (U, V) in cohX of type 3.32(2b) or 3.32(2c) contains no nonzero sheaf F with F ∈ U and τ F ∈ V. So (T , F ) is of type 3.32(2a), i.e., there exists a quasi-simple bundle E with E ∈ T , τ E ∈ F . E is then a direct summand of T . Let q be the maximal slope of indecomposable direct summands of T . Then Φ ∞,q (T ) is a tilting sheaf with a nonzero torsion direct summand. Since its indecomposable direct summands can be ordered to be a full exceptional sequence, by Lemma 3.26, one of the direct summands is a simple sheaf. This finishes the proof.
We end this subsection by determining whether certain torsion pairs yield a notherian or artinian tilted heart. For P ⊂ P 1 , denote by (T P , F P ) the torsion pair in cohX
Lemma 3.37. Let P ⊂ P 1 .
(1) The tilted heart B = F P [1] * T P is noetherian resp. artinian iff P = ∅ resp. P = P 1 . (2) Suppose X is of tubular type. If µ ∈ R\Q then the tilted heart B = coh <µ X[1] * coh >µ X is neither noetherian nor artinian. If µ ∈Q, the tilted heart B = F [1] * T is noetherian resp. artinian iff P = ∅ resp. P = P 1 , where
(1) If P = ∅ then B = cohX [1] , which is noetherian. If
is artinian, where the equivalence is induced by the duality functor RHom(−, O). Otherwise,
Take an indecomposable torsion sheaf F 1 resp. F 2 supported at λ resp. λ ′ such that F i fits into an exact sequence 0 → L(n c) → L((n + 1) c) → F i → 0 in cohX. Then for each n ∈ Z, we have exact sequences in
The first (resp. second) exact sequence implies the existence of a strict infinite ascending (resp. decending) chain of quotient objects (resp. subobjects) of L [1] in B = F [1] * T . Hence B is neither noetherian nor artinian in this case.
(2) The assertion for µ ∈Q is reduced to (1) by using the telescopic functor Φ ∞,µ . So we consider µ ∈ R\Q. By applying the duality functor RHom(−, O), we know that
To show that B is neither noetherian nor artinian, it sufficies to show that B is not artianian, which in turn follows readily from our claim that each indecomposable bundle F of slope > µ fits into an exact sequence 0 → E → G → F → 0, where E ∈ coh <µ X and G ∈ coh >µ X. Let us show our claim. For a quasi-simple bundle A ∈ coh ν λ X with ν < µ(F ), consider the evaluation map ev : 
By Lemma 3.14, there is a quasi-simple bundle A ∈ coh h k X with coprime rank and degree. In particular, we have rk
Then ev is an epimorphism and E := ker ev is indecomposable. Moreover, we have
(by Riemann-Roch theorem) < µ.
is the desired exact sequence. We are done.
Bounded t-stuctures on
Throughout this section, X will denote a weighted projective line, A = cohX the category of coherent sheaves over X and D = D b (X) the bounded derived category of cohX. Moreover, (D ≤0 , D ≥0 ) will denote a bounded t-structure on D and its heart will be denoted by B. The standard t-structure on
is width-bounded with respect to the standard t-structure. In
for some m, n ∈ Z.
Proof. Recall that for each X, there is a canonical algebra Λ such that
Henceforth we have a bounded t-structure on D b (X) with heart equivalent to modΛ. So bounded t-structures are width-bounded with respect to each other (see Example 2.2).
4.1. Bounded t-structures which restrict to a t-structure on D b (coh 0 X). In this subsection, we characterize when a bounded t-structure on D b (X) restricts to a t-structure on D b (coh 0 X) and then describe this class of t-structures.
The following fact is very useful in analyzing direct summands of truncations of an object.
and then Hom(A 1 , A 1 ) ⊂ Hom −1 (A, C) = 0 thus A 1 = 0. Similarly one shows the second assertion. Proof. We use induction on n− m. If n = m then there is nothing to prove. Assume n > m. Let E be a nonzero bundle lying in D [m,n] . Consider the triangle (E 1 , E, E 2 ), where Let us make our basic observation on bounded t-structures on D b (X).
Lemma 4.4. The following are equivalent: We are going to give a description of bounded t-structures on D b (X) satisfying the conditions in the above lemma. Recall the definition of a proper collection of simple sheaves in §3.4. Two such collections are said to be equivalent if they yield the same isoclasses of simple sheaves. Recall also that for P ⊂ P 1 , the pair (T P , F P ) denotes the torsion pair (3.7.1) in cohX. Moreover, we have a split torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A .
Proposition 4.5. Suppose {i ∈ Z | vectX[i] ∩ B = 0} = {j} or {j − 1, j} for some j ∈ Z. Then there is a unique (up to equivalence) proper collection S of simple sheaves such that
where i * , j ! are the inclusion functors; • if {i | vectX[i] ∩ B = 0} = {j} then for a unique P ⊂ P 1 , the corresponding t-structure on S ⊥D is a shift of the HRS-tilt with respect to the torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A ;
• if {i | vectX[i] ∩ B = 0} = {j − 1, j} then the corresponding t-structure on S ⊥D is a shift of the HRS-tilt with respect to some torsion pair 
where f * , g ! are the inclusion functors, and the corresponding t-structure on S ⊥D λ λ has heart B λ ∩ S
for some positive integers n λ , l i,λ , where k A l is the path algebra of the equioriented A l -quiver. By Theorem 2.22, the t-structure (g
λ -projective and hence T λ is D ≤0 -projective. By Proposition 2.21, the indecomposable direct summands of T λ can be ordered to form an exceptional sequence. Let T = ⊕ λ T λ , S = ∪ λ S λ . We have T D = S D and the indecomposable direct summands of T can be ordered to form an exceptional sequence. Then by Lemma 2.17,
where i * , j ! are the inclusion functors. Now let us show that the corresponding t-structure on S ⊥D takes the asserted form. Let B 1 = B ∩ S ⊥D be its heart. We have S 
Finally, the uniqueness of S follows from the uniqueness of S λ ; the uniqueness of P follows from Lemma 2.7.
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The crucial point to show this is that T D = S D , where T is the direct sum of a complete set of indecomposable D ≤0 -projectives of the form E[n] with E a torsion sheaf.
Remark 4.7. Recall from Theorem 3.15 that we have an equivalence S ⊥A ≃ cohX ′ for some weighted projective line X ′ . Via such an equivalence, the torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A corresponds to the torsion pair (T
Here we characterize when the heart of a bounded t-structure just described is notherian, artinian or of finite length.
Corollary 4.8. With the notation in Proposition 4.5, in the case {i | vectX[i] ∩ B = 0} = {j}, the heart B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P 1 ; in the case {i | vectX[i] ∩ B = 0} = {j − 1, j}, the heart B is noetherian (artianian or of finite length) iff so is the tilted heart F [1] * T .
Proof. Recall that there exist positive integers n, l 1 , . . . , l n such that 
Bounded t-structures which do not even up to action of AutD
b (X). Now we deal with bounded t-structures on D b (X) which does not satisfy the condition considered above even up to the action of AutD b (X). We only have results for the domestic and tubular cases and we rely heavily on the telescopic functors in the tubular case.
The key feature of this class of t-structures is given in the following lemma. Proof. Each indecomposable object in B is of the form E[n] for some n ∈ Z and some indecomposable bundle or some indecomposable torsion sheaf E.
(1) By Theorem 3.9, if X is of domestic type then each indecomposable bundle is exceptional. So B contains a non-exceptional indecomposable object iff B contains a shift of a non-exceptional torsion sheaf, which is equivalent to {i | vectX[i] ∩ B = 0} ⊆ {j, j + 1} for some j ∈ Z by Lemma 4.4. So our assertion holds.
(2) By Theorem 3.12, if X is of tubular type then each indecomposable sheaf is semistable and thus lies in coh µ X for some µ ∈Q. B contains a non-exceptional indecomposable object E[n], where E is a sheaf with slope q, iff the heart Φ ∞,q (B)[−n] contains the non-exceptional torsion sheaf Φ ∞,q (E). Thus our assertion follows from Lemma 4.4.
We show that B contains no cycle if each indecomposable object in B is exceptional. Lemma 4.10. Suppose X is of dometic or tubular type. If each indecomposable object in B is exceptional then a complete set of pairwise non-isomorphic indecomposable objects in B can be totally ordered as {X i } i∈I such that Hom(X i , X j ) = 0 if i < j.
Proof. Each indecomposable object in B is of the form E[n] for some indecomposable sheaf E. Since Hom(E[n], F [m]) = 0 for E, F ∈ A and n > m, it sufficies to order indecomposables in B ∩ A[n], or rather, indecomposables in B[−n] ∩ A. For X of domestic or tubular type, each idecomposable sheaf is semistable and Hom(E, F ) = 0 for indecomposable sheaves E, F with µ(E) > µ(F ). Thus we only need to consider indecomposable sheaves with the same slope, i.e., those in B[−n] ∩ coh µ X. We have assumed these indecomposables to be exceptional. We consider µ = ∞ at first. If indecomposables in B[−n] ∩ coh ∞ X = B[−n] ∩ coh 0 X cannot be totally ordered as desired then B[−n] ∩ coh 0 X will contain a cycle of indecomposables in some coh λ X. By Lemma 2.28, B contains a non-exceptional object, a contradiction. Hence indecomposables in B[−n] ∩ coh ∞ X can be totally ordered as desired. Now we consider µ ∈ Q. If X is of domestic type then indecomposable bundles in coh µ X are stable and thus the morphism spaces between each other vanish, whence any order is satisfying. If X is of tubular type then using the telescopic functor Φ ∞,µ , we know from the conclusion for µ = ∞ that the desired ordering also exists. The following technical lemma allows us to apply a telescopic functor in the next proposition.
Proof. (⇒) If
Lemma 4.12. If X is of tubular type and µ(B) has an irrational number as its limit point then for some q ∈Q, Φ ∞,q (B) coincides with a shift of the tilted heart with respect to some torsion pair in A.
Proof. Suppose that for some l ∈ Z, µ(B ∩ A[l]) has an irrational number r as its limit point. Then there is a sequence (E i ) ∞ i=1 of indecomposable sheaves such that E i ∈ B[−l] and µ(E i ) converges to r. Let E be an indecomposable sheaf with µ(E) < r. By Corollary 3.24, there are some E i with Hom(E, E i ) = 0 and some E j with Hom(τ −1 E, E j ) = 0, which implies Ext 1 (E j , E) = 0. Thus for h ∈ Z, E[h] ∈ B implies h ∈ {l, l + 1}. Similarly, if F is an indecomposable sheaf with µ(F ) > r, then for some • X is of domestic type and {i | vectX[i] ∩ B = 0} {j, j + 1} for any j ∈ Z, • X is of tubular type and {i | vectX[i] ∩ Φ ∞,q (B) = 0} {j, j + 1} for any q ∈Q and j ∈ Z, then B is a length category with finitely many (isoclasses of ) indecomposables and each indecomposable object in B is exceptional.
Proof. It has been shown in Lemma 4.9 that each indecomposable object in B is exceptional under the given condition. We show that B contains finitely many indecomposables. If B contains infinitely many indecomposables then for some n, B[n]∩A contains infinitely many indecomposables. But for each µ ∈Q, coh µ X contains finitely many exceptional indecomposables. Thus µ(B[n] ∩ A) has a limit point inR. Note that an indecomposable object in A is either a torsion sheaf or a vector bundle. For X of domestic type, since rank on indecomposables is bounded, ∞ is the unique limit point of µ(B[n] ∩ A). By Lemma 4.11, {i | vectX[i] ∩ B = 0} ⊂ {j, j + 1} for some j, a contradiction. For X of tubular type, under the given assumption, by Lemma 4.12, µ(B) contains at most limit points inQ. If q ∈Q is a limit point of µ(B), ∞ is a limit point of µ(Φ ∞,q (B)), whereby yielding a contradiction to our assumption by Lemma 4.11. Thus in either case, B contains only finitely many indecomposables. It remains to show that B is of finite length. Let {X 1 , . . . , X n } be a complete set of indecomposable objects in B. We have End(X i ) = k. Moreover, by Proposition 4.10, we can suppose Hom(X i , X j ) = 0 for i < j. Then one sees that if
then (s 1 , . . . , s n ) < (t 1 , . . . , t n ), where < refers to the lexicographic order. If follows immediately that B must be of finite length. This finishes the proof.
As a corollary, we obtain a characterization of when a bounded t-structure on D b (X), where X is of domestic type, has length heart. 
. We know from Lemma 3.18(1) that L ⊥ cohX ′ ≃ modΛ for a representation-finite finite dimensional hereditary algebra. Then by Lemma 2.23, each bounded t-structure of By Proposition 2.20, the direct summands of a basic silting object T in D b (X) can be ordered to form a full exceptional sequence. We obtain the following information on directs summands of T from our previous conclusion on full exceptional sequences. This holds particularly for a tilting object in D b (X). Proof. Recall that in König-Yang correspondence, the t-structure (D ≤0 , D ≥0 ) corresponding to T has heart
Let T be a concentrated silting object, say T = T 1 ⊕ T 2 with T 1 ∈ vectX[l] and T 2 ∈ D b (coh 0 X). By HappelRingel Lemma (see Proposition 2.19), the indecomposable direct summands of T 2 are exceptional. Hence T 2 is supported at exceptional points. For a simple sheaf S supported at an ordinary point, we have Hom 
is a nonzero bundle. By Theorem 3.15(2), i * is t-exact with respect to the standard t-structures. So we have n = 0. Hence T is concentrated.
We now give some properties of the endomorphism algebra of a silting object in D b (X). This generalizes parts of [38, Theorem 9.4.1, 9.5.3] . Proof. Let (D ≤0 , D ≥0 ) be the bounded t-structure corresponding to T in König-Yang correspondence. Its heart B is equivalent to mod Γ .
(1) We can assume T is basic. Then by Proposition 2.20, indecomposable direct summands of T can be ordered to form an exceptional sequence. Hence the quiver of Γ = End(T ) has no oriented cycle.
(2) If Γ is not representation infinite then B ≃ mod Γ contains finitely many indecomposables. Thus B contains no non-exceptional object by Lemma 4.4 (for the tubular case, we may need an additional application of a telescopic functor to apply Lemma 4.4.). By Lemma 4.10, each object in mod Γ ≃ B is directed. So Γ is representation directed.
(3) Suppose T is concentrated. By Lemma 4.16, we have {i ∈ Z | vectX[i] ∩ B = 0} ⊂ {j, j + 1} for some j ∈ Z. By Lemma 4.11, B contains infinitely many indecomposables. Since mod Γ ≃ B, Γ is representation infinite. Conversely, suppose Γ is representation infinite, then B contains infinitely many indecomposables. By Proposition 4.13, we have {i ∈ Z | vectX[i] ∩ B = 0} ⊂ {j, j + 1} for some j ∈ Z. Then Lemma 4.16 implies that T is concentrated.
(4) The argument is similar to that for (3), except that we need to take into account the action of a suitable telescopic functor Φ ∞,q . We remark that Φ ∞,q (T ) corresponds to the bounded t-structure with heart Φ ∞,q (B).
Description of bounded t-structures on D
b (X). We are in a position to formulate our description of bounded t-structures on D b (X) using HRS-tilt and recollment. Recall once again that for P ⊂ P 1 , (T P , F P ) denotes the torsion pair (3.7.1) in cohX.
We begin with the domestic case. 
j j where i * , j ! are the inclusion functors, in which case B is of finite length; (2) for a unique (up to equivalence) proper collection S of simple sheaves and a unique
j j where i * , j ! are the inclusion functors, such that the corresponding t-structure on S ⊥D is a shift of the HRS-tilt with respect to the torsion pair (S ⊥A ∩ T P , S ⊥A ∩ F P ) in S ⊥A , in which case B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P For the tubular case, we need one more lemma characterizing when the heart B is of finite length. 
If µ(E) = µ(F ) then by Lemma 3.18(2), {E, F } ⊥A ≃ modΛ for some representation-finite finite dimensional hereditary algebra Λ. It follows from Corollary 2.13 and Lemma 2.23 that B is of finite length.
Here comes our description of bounded t-structures in the tubular case. ) is a bounded t-structure on D b (X) with heart B. Then exactly one of the following holds:
) is a shift of the HRS-tilt with respect to the torsion pair (coh >µ X, coh <µ X) in cohX, in which case B is neither noetherian nor artinian; (2) for a unique µ ∈Q and a unique
) is a shift of the HRS-tilt with respect to the torsion pair (add{coh >µ X, coh
in cohX, in which case B is not of finite length and B is noetherian resp. artinian iff P = ∅ resp. P = P 1 ; (3) for a unique q ∈Q, a unique (up to equivalence) nonempty proper collection S of simple sheaves and a unique
is compatible with the recollement
j j where i * , j ! are the inclusion functors, such that the corresponding t-structure on D b (S ⊥A ) has length heart, in which case B is of finite length.
Proof. If B is of finite length then by Proposition 4.15, for some q ∈Q, there is some exceptional simple sheaf S which is Φ ∞,q (D ≤l )-projective for some l. 
is a torsion pair in cohX with coh 0 X T cohX. Moreover, for case 2), there exists no nonzero sheaf E ∈ T with τ E ∈ F since Φ ∞,q (D ≤0 ) contains no nonzero Ext-projective. By Lemma 3.32, we have either 2.1) (T , F ) = (coh >µ X, coh <µ X) for some µ ∈ R\Q, or 2.2) for some µ ∈ Q and some P ⊂ P 1 ,
) is of type (2) . Observe that the class of t-structures of type (1) or (2) is closed under the action of the telescopic functor
) is of type (1) or (2) . It is evident that types (1) and (2) are disjoint and the assertion on uniqueness is also obvious. The assertion on noetherianness or artinianness is proved in Lemma 3.37. Now consider the case (II): all indecomposable Φ ∞,q (D ≤0 )-projectives has the same slope, which we denote by µ. By Lemma 2.18, the compatibility of Φ ∞,q ((D ≤0 , D ≥0 )) with the recollement in Proposition 4.5 implies that there is a torsion sheaf which is Ext-projective in some Φ ∞,q (D ≤l ). Thus µ = ∞. It follows that if an indecomposable sheaf is Ext-projective in some D ≤l then µ(E) = q. This enforces the uniqueness of q. The uniqueness of S and P is then asserted in Proposition 4.5. To show that (D ≤0 , D ≥0 ) is of type (3), we will show that it is impossible that {i | vectX[i] ∩ Φ ∞,q (B) = 0} = {j, j + 1}. It sufficies to show that the corresponding t-structure on
is not a shift of HRS-tilt with respect to any torsion pair (
. Assume for a contradiction that it was. Since X ′ is a weighted projective line of domestic type, by Corollary 4.23, F ′ [1] * T ′ would be of finite length. Then so would Φ ∞,q (B), a contradiction. This finishes the proof.
In light of Lemma 2.7, we can already see certain bijective correspondence from our theorems for bounded t-structures whose heart is not of finite length. (4) . Recall that D b (X) is triangle equivalent to D b (Λ) for a canonical algebra Λ, whose global dimension is at most 2. So the powerful König-Yang correspondences is still applicable. We can try to compute the collections of simple objects in the heart from the recollements using Proposition 2.11. Instead, we can try to compute silting objects in D b (X) from these recollements using [37, Corollary 3.4] .
Anyway, for X of tubular type, since S ⊥A ≃ cohX ′ for some weighted projective line of domestic type, Theorem 4.20(4) reduces the combinatorics in classification of bounded t-structures on D b (X) with length heart to that in the classification of bounded t-structures on D b (X ′ ) with length heart; for X of domestic type with weight seqence (p 1 , p 2 , p 3 ), Theorem 4.18(1) reduces the combinatorics in the classification of bounded tstructures on D b (X) with length heart to that in the classification of bounded t-structures on All in all, for X of domestic or tubular type, the combinatorics in the classifiction of bounded t-structures on D b (X) can be reduced to that in the classification of bounded t-structures on D b (Λ) for representation-finite finite dimensional hereditary algebras Λ.
The following example recovers the description of bounded t-structures on
Example 4.22. Let X be of trivial weight type, that is, X has no exceptional point and thus cohX ≃ cohP 1 . Then each indecomposable object in A = cohX is isomorphic to either a torsion sheaf S
[m] supported at some point λ ∈ P 1 for some m ∈ Z ≥1 , or a line bundle O(n c) for some n ∈ Z. By Theorem 4.18, a bounded t-structure whose heart is not a length category is up to shift of the form (D
A ) for some P ⊂ P 1 , where
To obtain bounded t-structures with length heart, it is easy enough to compute silting objects directly. Each basic silting object is up to shift of the form O(n c) ⊕ O((n + 1) c)[l] for some n ∈ Z, l ≥ 0. Such an object is a tilting object iff l = 0. The t-structure corresponding to the silting object O(n c)
4.5. Torsion pairs in cohX revisited. We can now give a more clear description of torsion pairs in cohX since torsion pairs are in bijective correspondence with certain t-structures. Proposition 4.23. Suppose X is of domestic type. Each torsion pair (T , F ) in cohX fits into exactly one of the following types:
(1) (T , F ) is induced by some tilting sheaf, that is, there is a tilting sheaf T such that
(2) either T ⊂ coh 0 X or F ⊂ coh 0 X, and thus (T , F ) is of the form given in Lemma 3.29.
Proof. Note that T coh 0 X and F coh 0 X iff both T and F contain nonzero bundles. So in this case the tilted heart B = F [1] * T satisfies {i | vectX[i] ∩ B = 0} = {0, 1}. By Corollary 4.14, B is of finite length. Then by Proposition 3.33, (T , F ) corresponds to a tilting sheaf T , which is exactly the one induced by T . Proposition 4.24. Suppose X is of tubular type. Each torsion pair (T , F ) in cohX fits into exactly one of the following types:
(1) (T , F ) is induced by a tilting sheaf, that is, there is a tilting sheaf T such that
(2) for some µ ∈ R\Q, (T , F ) = (coh >µ X, coh <µ X); 
for some torsion pair (
which is a torsion pair in coh
which is of type (3). We are done. To give an application of our results on bounded t-structures on the bounded derived category D b (X) of coherent sheaves over a weighted projective line X, we will prove the following Since the result of [44] embraces the wild case, it is tempting to make the following We will see in Lemma 5.13 that this does hold for a certain class of t-structures on D b (X). Recall that for X of domestic type, cohX is derived equivalent to mod Γ for a tame hereditary algebra Γ . Thus the conclusion for this case is already covered by [44] . The new part of Theorem 5.2 is for the tubular case. Recall that a tubular algebra, introduced by Ringel in [43] , can be realized as the endomorphism algebra of a tilting sheaf over a weighted projective line of tubular type. Here let us review some necessary background. Let D be a triangulated category equipped with a bounded t-structure whose heart is denoted by B. An exact functor F : D b (B) → D is called a realization functor if F is t-exact and the restriction F |B : B → B is isomorphic to the identity functor of B. This is a reasonable functor but the existence of such a functor is a problem. By virtue of the filtered derived category, [7, §3.1] constructed a realization functor for arbitrary bounded t-structure on a triangulated subcategory of D + (A), where A is an abelian category with enough injectives. [6] abstracted this theme and introduced the notion of a filtered triangulated category. Given a triangulated category D with a filtered triangulated category over it (see [6, Appendix] for the precise definition), [6, Appendix] constructed a realization functor for arbitrary bounded t-structure on D. Recently, [16, §3] showed that an algebraic triangulated category indeed admits a filtered triangulated category over it and so generally we have Proposition 5.5 ( [16] ). A realization functor exists for any bounded t-structure on an algebraic triangulated category.
A realization functor is not necessarily an equivalence. For example, Example 4.22 tells us that there is a bounded t-structure on D b (P 1 ) with heart equivalent to modk modk but definitely modk modk is not derived equivalent to cohP 1 . The following lemma helps us determine when a realization functor is an equivalence. ) → D and F is an equivalence iff so is G. We will use these trivial facts implicitly.
A remarkable instance of a realization functor being an equivalence is that for a tilted heart with respect to a (co-)tilting torsion theory introduced in [22] . Remark 5.8. (1) Proposition 5.7 is proved originally in [22] requiring enough projectives or enough injectives in A (see [22, Theorem 3.3] ). The additional condition is removed in [11] using the derived category of an exact category (see [11, Proposition 5.4.3] ). See also [15] for a short proof via an explicit construction of the equivalence functor.
(2) Generalizing Proposition 5.7, [13] contains a characterization of when the inclusion of the tilted heart F [1] * T into D b (A) extends to an exact equivalence for a torsion pair (T , F ) in A.
5.2.
Reduction via Ext-projectives. In [44] , one step of the proof of the main theorem (i.e., Assertion 5.1 holds for D b (Λ) for a finite dimensional hereditary algebra Λ) is reduction via Ext-projectives (more precisely, the simple top of an Ext-projective). The reduction relies on [44, Proposition 8.6] , which seems to work only for D b (Λ), where Λ is a finite dimensional hereditary algebra. Our proof of Theorem 5.2 also uses Ext-projectives to do reduction. In contrast, we will rely on Proposition 5.9 to do reduction, which works for a more general class of triangulated categories, but we have additional assumption on our Ext-projectives to do reduction and so we have to make efforts to assure the existence of such an Ext-projective object.
Let D be a k-linear algebraic triangulated category of finite type admiting a Serre functor S. Let (D ≤0 , D ≥0 ) be a bounded t-structure on D with heart B. These hypothesis will be retained through this subsection.
36 b (X) where i * , j ! are the inclusion functors. Denote
) is a bounded t-structure on D 1 with heart B 1 . We will use induction on the pair (t, ♯S) to prove our assertion. As the first step of induction, we consider arbitrary t and ♯S = 1. Then S = {S} and, up to a shift of B, the corresponding t-structure on S ⊥D has heart S ⊥A t . In particular, τ S [2] ∈ B. Since we have a triangle (τ S [2] , S, τ S [1] ), S is the desired object by Lemma 5.10. Now suppose ♯S > 1. In particular, t > 2. By the induction hypothesis, there exist some simple S ′ ∈ S ⊥A t and some l ∈ Z such that S ′ [l] is simple in B 1 and is moreover D
≤0
1 -projective or D
≥0
1 -injective. Note that a simple object in S ⊥A t is isomorphic to τ S [2] or to some simple object in A t nonisomorphic to τ S, S. If S ′ ∼ = τ S [2] then we have τ S [2] [l] ∈ B and S is the desired object by Lemma 5.10. It remains to consider the case when S ′ is a simple object in A t nonisomorphic to τ S or S. Up to a shift of B, we can suppose l = 0. 1 -injective. The following are some sketchy arguments. Since t > 2, τ 2 S ≇ S. We have
Suppose j * B = add S[n]. If S ′ ≇ τ 2 S then τ −1 S ′ is the desired. If S ′ ∼ = τ 2 S then τ S is the desired when n ≤ −2 and S is the desired when n > −2. We are done.
We show that Assertion 5.1 holds for a class of bounded t-structures on D b (X), where X is a weighted projective line of arbitrary type. In particular, if the weight sequence p is trivial then there is no exceptional simple sheaves and S = ∅ and so the assertion also holds in this case. Now we use induction on the weight sequence p and consider a nontrivial weight sequence p = (p 1 , . . . , p n ). We suppose S = ∅.
Take λ ∈ P 1 such that S λ = S ∩ coh λ X = ∅. By 
is an exact equivalence which maps B into B. Thus the inclusion B ֒→ D b (X) extends to an exact equivalence
Remark 5.14. We make a final remark on a potential approach to Conjecture 5.3, based on the validity of the following Conjecture 5.15. Let X be a weighted projective line of arbitrary type. For any bounded t-structure (D ≤0 , D ≥0 ) on D b (X), D ≤0 contains no nonzero Ext-projective iff it is a shift of the HRS-tilt with respect to some torsion pair (T , F ) in cohX such that there is no nonzero sheaf E ∈ T with τ E ∈ F .
The sufficiency obviously holds. The necessity holds in the domestic and tubular case by our description of bounded t-structures.
The aforementioned potential approach is as follows. Let (D ≤0 , D ≥0 ) be a bounded t-structure on D b (X) with heart B. We can first try to show that Assertion 5.1 holds when D ≤0 contains no nonzero Ext-projective. For example, if Conjecture 5.15 holds, then Assertion 5.1 holds by Lemma 3.31 and Proposition 5.7. Then we consider the case when D ≤0 contains a nonzero Ext-projective. Suppose all indecomposable Ext-projectives are torsion sheaves and suppose Conjecture 5.15 is true. Then the heart B satisfies {i | vectX[i] ∩ B = 0} ⊂ {j, j + 1} for some j ∈ Z and Assertion 5.1 holds by Lemma 5.13. It remains to consider the case when some indecomposable bundle E is D ≤0 -projective (up to a shift of B). On one hand, it's possible that our previous approach still works, i.e., we can still apply Proposition 5.9 in some way. On the other hand, since E is exceptional, by Proposition 3.17, E ⊥D ≃ modH for some hereditary algebra H. Stanley and van Roosmalen's result [44] may apply here.
